Introduction
In the domain of materials science, some recent advances are the smart or intelligent materials in which piezoelectric and piezomagnetic materials are involved. These materials, called magnetoelectroelastic composites, have the ability of converting energy from one form (among magnetic, electric and mechanical energies) to the other. Furthermore, they exhibit a magnetoelectric effect that is not present in single-phase piezoelectric or piezomagnetic materials [1] [2] [3] [4] [5] .
Recently, much attention has been paid to the structural analysis of the magnetoelectroelastic plate. Pan [6] presented an exact closed-form solution for the static deformation of the layered magnetoelectroelastic plate based on a new and simple formalism resembling the Stroh formalism, and the propagator matrix method was used to handle the multilayered case. Using the state-vector method, Wang et al [7] obtained an analytical solution for magnetoelectroelastic, simply supported and multilayered rectangular plates in the form of infinite series. Bhangale and Ganesan [8] carried out static analysis of a functionally graded magnetoelectroelastic plate by the finite element method under mechanical and electrical loading. The state-vector approach was proposed by Chen et al [9] for the analysis of free vibration of magnetoelectroelastic layered plates. Wu et al [10] extended the Pagano method for the three-dimensional plate problem to the analysis of a simply supported, functionally graded rectangular plate. Wang et al [11] derive the analytical solution for a threedimensional transversely isotropic axisymmetric multilayered magnetoelectroelastic circular plate under simply supported boundary conditions. Liu and Chang [12] presented the closed form for the vibration problem of a transversely isotropic magnetoelectroelastic plate. A nonlinear large-deflection model for magnetoelectroelastic rectangular thin plates is proposed by Xue et al [13] . The bending problem for a transversely isotropic magnetoelectroelastic rectangular plate is analyzed by imposing the Kirchhoff thin plate hypothesis on the plate constituent. Wang et al [14] analyzed the axisymmetric bending of functionally graded circular magnetoelectroelastic plates of transversely isotropic materials based on the linear three-dimensional theory of elasticity coupled with magnetic and electric fields. An equivalent single-layer model for the dynamic analysis of magnetoelectroelastic laminated plates is presented by Milazzo [15] . The electric and magnetic fields are assumed to be quasi-static and the first-order shear deformation theory is used. Using the meshless local Petrov-Galerkin (MLPG) method, Sladek et al [16] solved the mechanical problem of the magnetoelectroelastic plate under stationary and time-harmonic load.
To the best of the authors' knowledge, however, the free vibration of a magnetoelectroelastic plate resting on a Pasternak foundation has not been considered.
Based on the Mindlin plate theory, the free vibration analysis of a magnetoelectroelastic plate resting on a Pasternak foundation is investigated. The in-plane electric and magnetic fields can be ignored for plates. According to the Maxwell equation and magnetoelectric boundary condition, the variation of electric and magnetic potentials along the thickness direction of the plate is determined. The governing equations of a magnetoelectroelastic plate are derived based on application of Hamilton's principle. Numerical results reveal the effects of the electric and magnetic potentials, Winkler spring and Pasternak shear coefficients on the vibration frequency.
The Mindlin plate theory
Based on the Mindlin plate theory, the displacement field can be expressed as u x (x, y, z, t) = zψ x (x, y, t),
(1) u y (x, y, z, t) = zψ y (x, y, t), (2) u z (x, y, z, t) = w(x, y, t),
where ψ x (x, y, t) and ψ y (x, y, t) are the rotations of the normal to the mid-plane about the x and y directions, respectively. The non-zero strains associated with the above displacement field can be expressed in the following form:
where ε xx and ε yy are the normal strain components, and γ yz , γ zx and γ xy are the shear strain components.
Modeling of the problem
Consider a magnetoelectroelastic plate with length l, width b and thickness h resting on a Pasternak foundation as depicted in figure 1 . A Cartesian coordinate system (x, y, z) is used to describe the plate with z along the plate thickness direction and the x-y plane sitting on the mid-plane of the undeformed plate. The magnetoelectroelastic body is poled along the z direction and subjected to an electric potential V 0 and a magnetic potential 0 between the upper and lower surfaces of the plate. The boundary conditions of the plate surface are
where φ and ϕ are the electric and magnetic potentials.
Constitutive relations for magnetoelectroelastic plate
For the transversely isotropic magnetoelectroelastic plate, the constitutive equations can be expressed as 
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where c ij , e ij , f ij and g ij denote the elastic, piezoelectric, piezomagnetic and magnetoelectric constant, respectively. h ij and µ ij are dielectric and magnetic permeability coefficients, respectively. σ ij is the stress component; D i and B i are the electric displacement and magnetic induction, respectively. E i and H i are the electric and magnetic field intensity, respectively.
Maxwell's vector equations in the quasi-static approximation are satisfied if the electric vector and magnetic intensity are expressed as gradients of the scalar electric and magnetic potentials φ and ϕ, respectively:
The derivation of the governing equations
The governing differential equations of motion for the magnetoelectroelastic plate are derived using Hamilton's principle which is given as
where δU is the virtual strain energy, δW is the virtual work done by external applied forces and δK is the virtual kinetic energy. The strain energy of the magnetoelectroelastic plate can be expressed as
Assume the in-plane electric and magnetic field can be ignored, i.e. E x = E y = 0 and H x = H y = 0 [17] :
where the stress resultant-displacement relations can be written as
The kinetic energy of the plate can be described as follows:
The external work due to the surrounding elastic medium can be written as
where q is related to the Pasternak foundation and transverse load. Finally, using Hamilton's principles leads to the following governing equations:
where k w and k g are spring and shear coefficients of the Pasternak medium, respectively. N xm , N xe , N xa , N ym , N ye and N ya are, respectively, the mechanical, electric and magnetic forces for the x and y directions with
Substituting equations (4)- (8) into (26) and (27), the following two algebraic equations can be easily derived:
Thus, by adopting Crammer's rule, one may have
where
It can be derived from equations (31) and (32) and magnetoelectric boundary conditions equations (9) and (10) that
From equations (19) and (20) 
M xy = c 66 h 3 12 
where ω is the free vibration frequency of the plate and
w(x, y, t) =w(x, y)e −iωt .
When by setting the spring and shear coefficients to zero and no electric and magnetic effects being taken into account, equations (48)
The present model reduces to the formulation for the transversely isotropic elastic plate. In addition letting c 11 = c 12 = c 12 + 2c 44 and E = For generality and convenience, the coordinates are normalized with respect to the plate planar dimensions and the following non-dimensional terms are introduced:
Introducing dimensionless terms also enables equations (48)-(50) to be written in dimensionless form as c 11 12 For the simply supported magnetoelectroelastic plate we have the following boundary conditions:
To solve the buckling problem, we assume the solution of the governing equations with satisfaction of the aforementioned boundary condition as
In which α and β are defined as α = mπ and β = nπ, respectively, and m and n are the half-wavenumbers.
Substituting equations (63)-(65) into (58)-(60), one has
where the coefficients L 11 -L 33 are given in the appendix.
Validation
Firstly, a rectangular elastic plate studied by Liew et al [19] is considered here for comparison. Table 1 shows the natural frequency λ = ωb 2 /π 2 (ρh/D) 1/2 (D = Eh 3 /12(1−υ 2 ) being the bending rigidity of the plate) of a square elastic plate. Please note that our results are in good agreement with those given by Liew et al [19] . Next, the example of a piezoelectric or magnetostrictive thick plate of h/l = h/b = 1 studied by Pan and Heyliger [20] and Chen et al [21] using the three-dimensional theory is considered here for comparison. Figure 2 shows the lowest five frequencies = ωl √ ρ max /c max (c max being the maximum of c ij and ρ max = 1) for a piezoelectric or magnetostrictive plate. A comparison shows that the non-dimensional calculated by the two-dimensional plate theory is always larger than the corresponding one by three-dimensional theory especially for a thicker plate. This fact can also be found in Chen et al [22] with a piezoelectric plate or elastic plate.
Numerical results
In this section, numerical examples of free vibration for a magnetoelectroelastic plate are investigated. The Figure 3 plots the normalized frequency χ of a square magnetoelectroelastic plate against the plate thickness h when it is subjected to an electric voltage V 0 . From figure 3 , the electric potential is found to be more pronounced for the plate with a smaller thickness, while it diminishes with increasing plate thickness, as expected. It should be mentioned that the applied electric potential induces the in-plane strain for the plate with in-plane traction-free conditions. The figure also reveals how the applied electric load influences the vibration behavior of the magnetoelectroelastic plate. As observed, for a smaller thickness-length ratio δ, the vibration frequency is significantly affected by the electric load. However, for a bigger thickness-length ratio δ, the electric load will not influence the vibration frequency that much. The electric load may either stiffen or soften the plate, depending on the direction and amplitude of the applied electric potential. The plate will be stiffened with a negative electric potential and its frequency will increase, while it will be softened with a positive electric potential and its frequency will decrease. The variation of the normalized frequency for a rectangular magnetoelectroelastic plate with the width-length ratio is demonstrated in figure 4 under different electric potential and thickness-length ratio. It is seen that the vibration frequency decreases when the width-length ratio increases. It should be also noted that for a fixed thickness-length ratio the frequency is independent of the thickness-length ratio for the magnetoelectroelastic plate without an applied electric potential. Figure 5 shows the variation of normalized frequency with the length-thickness ratio for a square magnetoelectroelastic plate with different electric potential and thickness. It can be found that the frequency increases with the length-thickness ratio for the plate with a negative electric potential applied: however, it decreases with the length-thickness ratio for a positive one. As expected, for a fixed length-thickness ratio, the frequency decreases with thickness. Figure 6 shows the variations of the normalized frequency with half-wavenumber along the y direction under a different electric potential and thickness-length ratio for a square magnetoelectroelastic plate. It is observed that the vibration frequency increases with an increase in the value of the half-wavenumber, whether the electric potential is applied or not. Figure 7 depicted the normalized frequency versus thickness for a square magnetoelectroelastic plate with different magnetic potential and thickness-length ratio. Similar to the case for the plate with electric potential applied, the magnetic potential can also increase/decrease the stuffiness depending on the direction and amplitude of the applied magnetic potential. Therefore, the vibration frequency increases/decreases with thickness for a plate with negative/positive magnetic potential applied: however, it becomes negligible when the thickness is sufficiently large. It is also observed that the vibration frequency is independent of the thickness for a magnetoelectroelastic plate without an applied magnetic potential. Figure 8 plots the variation of the normalized vibration frequency against thickness for a rectangular magnetoelectroelastic plate with different magnetic potential and length-width ratio. This figure clearly demonstrates that for a fixed width-length ratio the vibration frequency increases/decreases with plate thickness when a negative/positive magnetic potential is applied, especially for a thinner plate. This is also in agreement with the observation illustrated in figure 7 . It is also found that the vibration frequency increases with an increase in the value of the width-length ratio, regardless of the value of the magnetic potential.
The variation of normalized frequency with the thickness-length ratio for a square magnetoelectroelastic plate with different magnetic potential and thickness is plotted in figure 9 . The thickness is found to be more pronounced for the plate with a smaller thickness-length ratio when the plate is subjected to magnetic load, while it diminishes with increasing plate thickness-length ratio. For a fixed smaller thickness-length ratio, the frequency increases/decreases with thickness for the plate with negative/positive magnetic load applied. The vibration frequency does not vary with the width-length ratio for a plate without an applied magnetic potential. Figure 10 shows the variation of the normalized vibration frequency with half-wavenumber along the y direction for a square magnetoelectroelastic plate with different magnetic potential. Similar to the observation in figure 6 , the vibration frequency increases with an increase in the value of the half-wavenumber whether the magnetic potential is applied or not. Figures 11 and 12 show the effects of normalized spring and shear coefficients of a Pasternak foundation on the normalized free vibration frequency of the rectangular magnetoelectroelastic plate without electric and magnetic potentials. It is clear that increasing normalized spring and shear coefficients decreases the vibration frequency. This is because increasing spring and shear coefficients decrease the stiffness of the structure. It can be also observed that the vibration frequency increases with the increasing width-length ratio.
Conclusions
In this paper, the free vibration analysis of a magnetoelectroelastic plate resting on a Pasternak foundation is investigated. The in-plane electric and magnetic fields can be ignored for plates. According to the Maxwell equation and magnetoelectric boundary condition, the variation of electric and magnetic potentials along the thickness direction of the plate is determined. From the numerical results, some conclusions can be drawn.
(i) For a rectangular magnetoelectroelastic plate, the vibration frequency increases with increasing length-towidth ratio. (ii) The frequency increases/decreases with positive/negative electric potential for a square magnetoelectroelastic plate. Also it increases with the length-thickness ratio and thickness for a fixed electric potential. (iii) The frequency decreases/increases with positive/negative magnetic potential for a square magnetoelectroelastic plate. Also it increases with the length-thickness ratio and thickness for a fixed magnetic potential. (iv) For a rectangular magnetoelectroelastic plate, vibration frequency decreases with Winkler spring and Pasternak shear coefficients, and increases with the width-length ratio. 
